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Abstract 
A minimal point disconnecting set S of a graph G is a nontrivial m-separator, where m = IS I, 
if the connected components of G - S can be partitioned into two subgraphs each of which 
has at least two points. A 3-connected graph is quasi 4-connected if it has no nontrivial 3- 
separators. This paper provides the following structural characterization f quasi 4-connected 
graphs. Every quasi 4-connected graph can be obtained from a wheel on at most six points, or 
a prism or a M/Sbius ladder by repeatedly (i) adding edges, (ii) splitting points, and/or 
(iii) replacing a triangle containing points of degree at least four by the graph obtained from 
K 4 by deleting an edge. 
I. Introduction 
Graph-theoretic terminology used here generally follows that of Harray [4]. In this 
paper we consider only simple graphs, that is without loops or parallel edges. We 
denote the point set and the edge set of a graph G by V(G) and E(G), respectively. An 
edge x = {u, v} with endpoints u and v is denoted by uv. Given U c V(G), by AdjG(U) 
we mean the point set {v:uv e E(G), v e V(G) - U and u e U}. I fx  = uv is an edge of 
G then by the contraction ofedoe x, we mean deleting x, identifying the points u and 
v to a single point and removing all resulting loops and parallel edges. The graph 
obtained from G by contracting edge x is denoted by G]x. 
An important issue in the theory of k-connected graphs is to identify a set of graph 
operations and a set of some simple k-connected graphs ~k such that any k-connected 
graph can be obtained from a graph in ~k by repeated applications of the operations. 
Such structural characterizations have been discovered by Dirac [3] and Plummer 
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[8] for 2-connected graphs, Tutte [13] for 3-connected graphs and Slater [11] for 
4-connected graphs. 
A classical result due to Tutte [13] states that a graph is 3-connected iffit is a wheel 
or can be obtained from a wheel by repeatedly adding edges and splitting points of 
degree t> 4. For n ~> 3, the wheel I41, is the graph obtained from an n-cycle C, by 
adding a new point and joining it to all the points of C,. A k-connected graph G is 
minimally k-connected if G-  uv is not k-connected for all uv ~ E(G). In a series of 
papers, Halin and Mader proved several important results on minimally k-connected 
graphs, see [2, p. 17]. Tutte's theorem can be reformulated asfollows: Every minimal- 
ly 3-connected graph G, that is not a wheel, has an edge uv not contained in a triangle 
such that G luv is 3-connected. This edge deletion and edge contraction property 
affords easy induction proofs of results involving 3-connected graphs, for example 
see [12]. 
Suppose S is a point disconnecting set of a graph G. We say that S is a nontrivial 
m-separator of G, where ISI = m, if the components of G - S can be partitioned into 
subgraphs G1 and Gz such that IV(G1)/> 2 and rV(G2)I t> 2. A 3-connected graph is 
quasi 4-connected if it has no nontrivial 3-separators. Clearly, every 4-connected graph 
is quasi 4-connected. Some well known results on forbidden graph minors follow 
easily from the properties of quasi 4-connected graphs [9]. A quasi 4-connected graph 
G is minimally quasi 4-connected if G - uv is not quasi 4-connected for all uv ~ E(G). 
Tutte's theorem is not immediately extendable to minimally quasi 4-connected 
graphs as illustrated by the graph of Fig. 1 which is minimally quasi 4-connected and 
each of its edges is contained in a triangle. Another characterization f 3-connected 
graphs, due to Barnette and Grfinbaum [1], implies that every 3-connected graph 
G with at least five points has an edge uv such that G-  uv is a subdivision of 
a 3-connected graph. Again, this is not true for quasi 4-connected graphs as illustrated 
by the graph of Fig. 2. 
The n-prism, for an even integer n ~> 6, is the graph K 2 × Cn/2. The n-prism, for 
n = 10, is shown in Fig. 3. Given an even integer n ~> 6, the n-M6bius ladder V, is 
constructed as follows. Let C, be an n-cycle and (v~, v2, ..., v,) be the points of C, as 
they occur in cyclic order. Then V, is the 3-regular graph obtained from C, by adding 
½n edges between the pairs of points/j wherej = i + ½n for each 1 ~< i ~< ½n. The graph 
V,, for n = 10, is shown in Fig. 4. 
In this paper we show that every quasi 4-connected graph can be obtained from 
a wheel on at most six points, or a prism or a M6bius ladder by repeatedly (i) adding 
Fig. 1. Fig. 2. 
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(a) (b) 
Fig. 3. Two drawings of the 10-prism. 
Fig. 4. Two drawings of the 10-M6bius ladder. 
edges, (ii) splitting points, and/or (iii) replacing a triangle containing points of degree 
at least four by the graph obtained from K4 by deleting an edge. We derive the result 
by proving the following: 
(a) Every minimum degree point u of a 4-connected graph G is an endpoint of an 
edge uv such that G huv is quasi 4-connected. 
(b) Every quasi 4-connected graph G that is not 4-connected has an edge uv 
incident on a degree 3 point such that G luv is quasi 4-connected iff G is neither an 
n-prism nor an n-M6bius ladder for all n >t 8. 
(c) Every minimally quasi 4-connected graph has a point of degree 3. 
The quasi 4-connected graph characterization, provided in this paper, affords easy 
induction proofs of results involving quasi 4-connected graphs, as shown in [5, 6]. 
2. Edge contractions in 4-connected graphs 
We begin with 4-connected graphs. Let (#4 = {G : G is 4-regular, 4-connected and 
every edge of G belongs to a triangle}. Martinov [7] proved that a 4-connected graph 
G has an edge uv such that Gluv is 4-connected iff G¢~4.  Using this result one can 
show that every 4-connected graph G has an edge uv such that Gluv is quasi 
4-connected. The following theorem asserts that every minimum degree point is an 
endpoint of such an edge. 
Theorem 1. Let G be a 4-connected graph. Then for every minimum degree point u of 
G there is an edge uv such that G luv is quasi 4-connected. 
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Fig. 5. 
Although a later result of this paper equires a weaker version of the above, namely, 
the existence of a contractible edge, Theorem 1 is important by itself and in fact plays 
a key role in [5, 10]. We note that Theorem 1 is not extendable to4-connected graphs 
that are not in f#4; that is, the quasi 4-connectivity conclusion cannot be replaced by 
4-connectivity in the theorem. The graph G of Fig. 5 is a 4-connected graph, G ~ ~4, 
and G luv is not 4-connected for every edge uv incident with the minimum degree point 
u. Our proof of Theorem 1 needs some notation and a technical lemma. 
We say that an edge xy of a 4-connected graph G is critical if Glxy is not quasi 
4-connected. Consider any point u of a 4-connected graph G. If there is a critical edge, 
say uv, incident on u then G contains a nontrivial 4-separator Su~ with {u, v} c Su~. 
The components of G - S.v can be partitioned into subgraphs L.v and H.v such that 
IV(L,o)I/>2, IV(H,o)I/>2 and IV(L.o)nadj6(u)l <~lV(H.v)c~adjG(u)l. Moreover, 
among all such pairs of subgraphs Hu~ and L.v, we pick a pair, say {H.*, * L.o}, 
such that IV(L*v)c~AdjG(u)l is as small as possible. Define L*(u)=L,* where 
IV(L*,)I = min{I * • V(L.~)I. uv is a critical edge}. Note that if L*(u) = 0 then, for any 
edge uv incident on u, Gluv is quasi 4-connected. 
Lemma 2. Let G be a 4-connected graph and u ~ V(G) such that L*(u)# O. I f  
V(L*(u)) - Adj,(u) ~ O, then there is a point v e Adj~(u)c~ V(L*(u)) such that Gluv is 
quasi 4-connected. 
Proof. Consider an edge ua incident on point u, where Lu, = L*(u). There is a non- 
trivial 4-separator Su, in G such that {u, a} c S,,. Let S.a = {U, a, b, c}. Let GL and 
Gn be subgraphs of G, such that GLWGn=G, V(GL)C3V(G~I)=Sua so that 
L.. = GL -- S.. and Hu. = GH - Sua .  
For any given w ~ V(L*(u))-  AdjG(u), the 4-connectivity of G implies that 
GL contains a fan Fw of four point disjoint paths from w to the points {u, a, b, c}, 
Let v be the point adjacent o u in Fw. We show that Gluv is quasi 4-connected. 
Suppose otherwise and consider a nontrivial 4-separator Suv with {u, v} c S.v. Let 
S.v = {u, v, x, y}. We have three cases: 
Case 1: {x,y} c V(GL). 
In this case, L.~ is a proper subgraph of L.a and IV(L.~)c~Adj~(u)l < 
I V(L..)c~ Adja(u)l, contradicting the choice of edge ua. 
Case 2: x e V(H..) and y e V(Gn). 
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First, the choice of v implies that w is joined by three disjoint paths to {a, b, c} in 
GL -- {u, v}. Moreover, each point wL ~ V(Lua) - V is joined by disjoint paths to at 
least two points of {a, b, c} in GL -- {u, v}. Thus GI, - S.v is connected. Next, each 
wne V(H, , ) -  {x,y} is joined by a path to one of the points of {a,b,c} - {y} in 
GH -- S.v. Hence G - S.v is connected and S~v is not a separator of G. 
Case 3: x ~ V(H,a) and y ~ V(L.,). 
By the 4-connectivity of G, each wL ~ V(L.,)  - {v, y} is joined by a path to at least 
one point of {a, b, c} in GL -- S.v. Then Gn - {u, x} is not connected, for otherwise 
S.~ is not a separator. Moreover, GH -- {u, x} has exactly two components, one of 
which is a single point z ~ {a,b,c}. This is because of the fact that each point 
wn ~ V(H.,)  -x  is joined by disjoint paths to at least two points of {a,b, c} in 
Gn-  {u,x}. Thus Adj~(z)n V(Gn-  u )= x. Put {p,q} = {a, b,c} - {z}. 
For K = {p,q} or K = z, define UK = {i: i t  V(L. ,  -- {v,y}), i is joined by a path 
to some point of K in GL -- {u,v, y} }. First if UIp, q InU z ¢ 0 then S,v is not a sepa- 
rator of G. Next if Uz = 0 then S,~ is a trivial separator isolating point z from 
the rest of G. Hence Uz 50 .  Moreover, UznAd ja (u)¢  O, for otherwise {z,v,y} is 
a separator of G. Let L'a~ be the graph induced by the point set U~u{z} in G. 
Put H'~ = G - Uz - S,~. Since Ig(g',~)nAdjG(u)l <<, IV(Lu,)nAdja(u)[ and 
V(L'.,)I = (V (L . , ) -  Uip, q 1 -v -y )~{z} ,  we have a contradiction to the choice of 
L, ,  as L*(u). [] 
Proof of Theorem 1. Suppose otherwise and consider a point u with degG(u)= 
= 6(G). Then L*(u) ~ O. Consider an edge ua such that L.a = L*(u) and a nontrivial 
4-separator S,a = {u,a,b,c}. First, since every point v~ V(Lua ) is adjacent o at 
least 6 -4  points in L.,, we have 2 ~< ~-3  ~< IV(L.a)I. Next, by Lemma 2, 
we must have V(L,~) c Adj,(u). Then [V(L,,)I ~< Iv(n.a)nAdjG(u) l  <~ 6 -1  - 
IV(L.a)I ~< b-1  - (6  -3 )  = 2. Thus IV(L.a)I = 2 and 6(G) = 5. Let Lua = {V,W}. 
Then Adj~(v) = {w,u,a,b,c} and AdjG(w) = {v,u,a,b,c} and it is easy to verify that 
both G luv and G luw are 4-connected. [] 
3. Edge contractions in quasi 4-connected graphs 
We consider quasi 4-connected graphs that are not 4-connected. 
Theorem 3. Suppose G is a quasi 4-connected graph that is not 4-connected and 
IV(G)I t> 5. Then G contains an edge uv such that degr(u)= 3 and Gluv is quasi 
4-connected iff G is neither an n-prism nor an n-M~bius ladder for some n >f 8. 
We prove the theorem by contradiction. It is easily seen that any quasi 4-connected 
graph G that is not 4-connected must have minimum degree 6(G) = 3. Suppose that 
for each uv ~ E(G) with dega(u) = 3, the graph Gluv is not quasi 4-connected. Let 
Adja(u) = {a, b, c}. We establish several lemmas first. 
222 T. Politof A. Satyanarayana /Discrete Mathematics 161 (1996) 217-228 
Lemma 4. The set of points {a, b, c} constitute an independent set in G. 
Proof. It is easily seen that the graph G', obtained from G -u  by adding the set of 
edges {xy:{x, y} ~ AdjG(u) and xy ¢ E(G)}, is quasi a-connected. Suppose {a, b, c} is 
not an independent set and abe E(G). Then Gluc is quasi 4-connected because G' is 
a spanning subgraph of G luc. [] 
Lemma 5. There is a nontrivial 4-separator S in G such that {u, a} ~ S and the points 
b and c are in different components of G - S. 
Proof. Let G' = G[ua and u' be the point of G' obtained as a result of the deletion of 
edge ua and the identification of points u and a. By the hypothesis, G' has a nontrivial 
3-separator, say S' = {x, y, z}. If u' ¢ S' then S' is a nontrivial 3-separator f G and G is 
not quasi 4-connected. Hence u' e S'. Suppose u' = x. Then S = {u, a, y, z} is a non- 
trivial 4-separator with b and c in different components of G - S. [] 
Lemma 6. Edge ua is contained in a 4-cycle uav~v2 of G such that dego(vl)= 
dego(v2) = 3. 
Proof. Let Sua = (U, a, al, a2} be a nontrivial 4-separator f G. By Lemma 5, there are 
disjoint subgraphs Hb, Hc in G-  Sua such that b e Hb, c e Hc, r V(Hb)l >/2 and 
I V(nc)l 1> 2. Let Gb, G, be the subgraphs induced by V(Hb)uSua and V(Hc)uSu~. 
For x e {b,c} let S~x = {u,x, Xl,X2} be a nontrivial 4-separator of G containing 
u and x. Define G~ = Gb -- (V(Gb)nSux) and G~' = G~ - (V(G~)nSux). 
For a point z in a graph/4, let z(I-I) be the collection of all points that are joined by 
paths to z in H. Note that z ~ z(/4). 
Consider a nontrivial 4-separator Sub = {u, b, bl, b2 } containing the points u and b. 
Suppose {b~,b2} c V(Gb). Let H be the component of He that contains c. If 
I V(H)I ~> 2 then c e a(G b) so that points a and c lie in the same component of G - Sub, 
contradicting Lemma 5. If V(H)= {c} then either c e a(G b) or S,b is a trivial 4- 
separator of G, disconnecting c from the rest of the graph. Therefore {b~, b2 } q~ V(Gb). 
Without loss of generality assume that b2 ~ V(H~). Clearly, c(G~)c~a(G~) = 0, for 
otherwise points a and c lie in the same component of G - Sub. We have two cases. 
Case 1: bl e V(G~). 
First, consider the component H of Hc where c e V(H). If V(H)= {c} then 
V(H~)={c, b2} and Sub is not a separator of G. Hence assume IV(H)I>_-2. 
Adja(a)c~ V(Hb) :# 0, for otherwise {u, aa, a2} is a nontrivial 3-separator of G. Hence 
there is a point v E V(Hb) such that ave E(G). By Lemma 4, b ~ v. 
The 3-connectivity of G implies that for each we V(Hc-  {bl,b2,c}), we have 
a path in Gc bfrom w to at least one point in {a,c, al,a2} - {ha}. Likewise, for each 
w e V(I-Ib -- b), we have a path from w to at least one point in {a, aa, a2 } - {b~ } in Gb . 
Moreover, if b~ ¢ {al, a2} then there are paths in G~ from w to at least two points in 
{a,a~,a2} and, in particular, from v there is a path to either a~ or a2. 
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Suppose that b b c(Gc)nz(Gc) = 0 for each z ~ {a,,a2} - {b,}. Then [e(Gb)[ ~< 1, for 
otherwise {u, bl,b2} is a nontrivial 3-separator of G. Thus e(Gbc)= {c} and S,b is 
a trivial 4-separator, disconnecting c from the rest of the graph. Therefore, 
b b e(Gc ) ~ z(Gc ) ~ 0 for some z e {a 1, a2 } - {b 1 }. Assume, without loss of generality, that 
c(G~)~a2(G b) ~ O. Then a(Gb)c~a2(G b)= 0, for otherwise points a and c lie in the 
same component of G -S ,b .  Consequently {b, a, al } is a nontrivial 3-separator of 
G unless a(G~) - {a, al } = {v}. Then adjG(v) = {a, b, al } and by Lemma 4, bal¢ E(G). 
Now if [a2(G~)[ >2 then {b, al,a2} is a nontrivial 3-separator of G. Hence 
laz(Gbb)[ ~< 2. If la2(Gg)[ = 1, then a2(Gb ) = {a2} and adjG(b) = {u,v, a2}. In the case 
where la2(Gbb)L = 2, a possibility only if bl =a l ,  let z = az(G b) -  {a2}. Then 
Adja(z) = {b, a~, a2 } and, by Lemma 4, ba2 ¢ E(G) so that AdjG(b) = {u, v, z}. In either 
case we have the 4-cycle uavb with degG (v) = deoG (b) = 3 and the lemma holds. 
Case 2: bl ~ V(Hb). 
Since G is 3-connected, for each w ~ V(Hb -- b -- b~), we have a path from w to at 
least one point in {a, al,a2} in G b. Likewise for each w E V(Hc-b2 -c) ,  we have 
a path from w to at least one point in {a, al,a2} in G~ b. Moreover, from c we have 
a path to either a~ or a2 in G b. Hence either c(G~)c~at(Gb~) v  0 or c(Gb)na2(Gb~) ~ O. 
Without loss of generality assume that e(Gb)na2(Gb~) ¢ 0. Then a(G~)naz(G b)= 0 for 
otherwise points a and c lie in the same component of G - Sub. We consider two 
subcases. 
Case 2.1: Suppose b b al(Gc )c~a2(G¢ ) =0.  
If Ic(G b) -{c ,  a2}[ ~> 2 then {a2,bz,c} is a nontrivial 3-separator of G. Hence 
I c (G~) -  {c, az }1 ~< 1. If there is a point z ~ c(G~) - {c, a2 } then AdjG(z) = {a2, b2, c}. 
By Lemma 4 both b2c and a2c are not in E(G). Then deg~(c)< 3. Hence 
c(G b) = {c, a2} and AdjG(c) = {u, a2, b2}. 
If [a(G b) -{a ,  al}l /> 2 then {a,a~,b2} is a nontrivial 3-separator of G. Hence 
l a(G b) - {a, a~ }1 ~< 1. If there is a point z ~ a(G b) - {a, a~ } then AdjG(z) = {a, al, b2 }. 
By Lemma 4 both bza, b2a~ are not in E(G). Then degG(b2)< 3. Hence 
[a(G b) - {a, al }l = 0 and Adj,(b2) = {a, al, c}. Then we have the 4-cycle uabzc with 
degG(c) = deg~(b2) = 3 and the lemma holds. 
Case 2.2: Suppose b b al(Q)na2(G~) ~ O. 
Then for each z ~ {al,a2}, a(G~)~z(G~) = 0 for otherwise points a and c lie in the 
same component of G - S,b. Likewise a(G~)c~z(G b)= 0 for every z ~ {al,az}. Then 
{a, b2} is a 2-separator of G unless a(G b) = {a}. Hence ab2 ~ E(G). 
If la(Gb)l > 2, then {a,b, bl} is a nontrivial 3-separator of G. Hence la(Gbb)l ~< 2. 
Suppose a(G~)= {a}. Then Adjc(a)= {u, bl,b2} and Sub is a trivial 4-separator, 
disconnecting a from the rest of the graph. Therefore la(Gb)l = 2. Let a(Gbb) = {a, v}. 
Then AdjG(a)= {u, v, b2} and AdjG(v) = {a,b,b~}. 
Consider now a nontrivial 4-separator Suc = {u, c, c~, c2}. By Lemma 5 points a and 
b are in different components of G - S,~. Hence, we must have v ~ Su~, say v = c2. 
Repeating the arguments of the proof using Suc instead of Sub, by substituting c for b, 
c~ for ba and c2 for bz, we can either find, as in cases 1 and 2.1, a 4-cycle satisfying the 
lemma, or come to the conclusion, as in this subcase, that AdjG(bz) = {a, c, c~ }. 
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In the latter case, consider the degree 3 point a and once again the 4-separator S,~. 
Repeating the arguments, this time using nontrivial 4-separators associated with 
the edges ab2 and ac2, one can either find, as in cases 1 and 2.1, a 4-cycle satisfying 
the lemma, or concluded that dego(b) = degG(c) = 3, in which case, ua is contained 
in two 4-cycles uab2c and uac2b, any one of which meets the conditions of 
the lemma. [] 
Lemma 7. G is 3-regular and each edge of G lies in a 4-cycle. Moreover, there exists an 
edge uv such that uv lies in two 4-cycles that intersect only at uv. 
Proof. Suppose G is not 3-regular. Then there exists an edge ala2 such that 
deg~(al) = 3 and deg~(a2) > 3. By Lemma 6 there is a 4-cycle axa3a4a2 such that 
degG(a3) = deg~(a4) = 3. Let as and a 6 be the third points adjacent o ax and a3, 
respectively. By Lemma 4, as # a6. Let a 7 be the third point adjacent to a4. If a7 = a5 
then {a2,as,a6} is a nontrivial 3-separator of G. By Lemma 4, a7 ~ a6. Suppose 
asa6~E(G). By Lemma 6 edge a4a 7 lies in a 4-cycle a4a7xy such that 
deg~(x) = deg~(y)= 3. Because we assumed that deg~(a2)> 3, a2¢{x,y} and we 
must have a6a7 e E(G). Then {a2,as,aT} is a nontrivial 3-separator of G, unless 
IV(G)] = 8, in which case degG(a2)= 3 and the lemma holds. Hence, assume 
asa6q~E(G). Again by Lemma 6 edge alas lies in a 4-cycle alasxy such that 
degG(x) = degG(y) = 3. Then a2 = y and the lemma holds. [] 
Proof of Theorem 3. I fG is an n-prism or an n-M6bius ladder for some n ~> 8 then, for 
any edge uv, G[uv is not quasi 4-connected. 
Conversely, suppose that for each uv e E(G) with degG(u) = 3, G[uv is not quasi 
4-connected. By Lemma 7, G is 3-regular and each edge of G lies in a 4-cycle. 
Moreover, there exists an edge uv such that uv lies in two 4-cycles that intersect 
only at uv. Consider two 4-cycles whose points are in the cyclic order ala3a4a2 
and aaasa6a4 that intersect at edge a3a4. Clearly, Adjo(a3)= {al,a4,as} and 
Adj~(a,,)= {a2,a3,a6}. Let AdjG(as)= {a3,a6,aT}, Adj~(a6)= {a4,as,a8}. By 
Lemma 4, a 7 ~ a 8. Also, av¢{al,a2} for otherwise G is not 3-connected. Likewise 
a8 ¢ {al, a2}. If a7al e E(G) or a7a2 e E(G), we must have asa2 ~ E(G) or aaal ~ E(G), 
respectively, for otherwise G is not quasi 4-connected. If n # 8 then {aT,as} is 
a 2-separator. Thus n --- 8, ava8 ~ E(G) and G is the 8-prism or the 8-M6bius ladder. 
Hence assume that a7 al ¢ E(G) and a7 a2 ¢ E(G). Then, for a5 av to lie on a 4-cycle, we 
must have avaseE(G). Let AdjG(aT)= {as,as,a9}, AdjG(as)= {a6,av,alo}. By 
Lemma 4, a9 ~ alo. As before, if a9al ~ E(G) or a9a2 E E(G), we must have 
aloa2 ~ E(G) or aloal ~ E(G), respectively, and G is the 10-prism or 10-M6bius 
ladder. If n # 10 we can repeat his argument to establish pairs of points ai and aj such 
that j = i + 1 and {aiaj, ai_2ai, aj_2aj} c E(G) until j = n. If a,-la2 eE(G) then 
a,al ~ E(G) and G is an n-M6bius ladder else {a,-xal, a, a2} c E(G) and G is an 
n-prism. [] 
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4. Structure of quasi 4-connected graphs 
We describe how every quasi 4-connected graph is obtained from W3, W4, Ws, 
n-prism or n-M6bius ladder, for some n ~> 8, by the application of certain operations. 
Theorem 8. Suppose G is a quasi 4-connected graph. Then exactly one of the following 
holds: 
(a) G is either W3, W4, or Ws, or an n-prism or n-M6bius ladder for some even n >f 8. 
(b) G is obtained from a quasi 4-connected graph H by an application of one of the 
following three operations. 
1. The addition of an edge to H. 
2. The replacement of a point u of degree >/4 in H by two adjacent points u' and u" 
and joining every point in Adj(u) to exactly one of u', u" such that both u' and u" will have 
degree >1 3. 
3. The replacement of an edge uv, where uv is contained in a triangle uvw of H with 
degn(z) > 3 for all z ~ {u, v, w}, by a new point x and joining it to u, v and w. 
We establish two lemmas first. 
Lemma 9. Suppose G is a minimally quasi 4-connected graph. I f  G is 4-connected 
then there is an edge uv ~ E(G), not contained in a triangle, such that Gluv is quasi 
4-connected. 
Proof. By Theorem 1, G has an edge, say uv, such that G luv is quasi 4-connected. Thus 
there is no nontrivial 4-separator S in G such that {u, v} = S. If uv is not contained in 
a triangle there is nothing to prove so assume that a ~ V(G) and {ua, va} c E(G). 
Since G - va is not quasi 4-connected, there is a nontrivial 3-separator Sva in G - va 
so that u E Sva and points v and a are in distinct components of (G - va) - S~,,. Let 
Sv,, = {u,x,y}.  Then there are disjoint subgraphs H and J such that IV(H)I/> 2, 
I V(J)I 1> 2, HuJ  =(G-va) -S~, ,  v~ V(H) and a~ V(J). If I V(H)I > 2 then 
{u, v, x, y} is a nontrivial 4-separator fG. Hence [V(H)I = 2. Let V(H) = {v, w}. Then 
AdjG(w) = {u, v, x, y} and v is adjacent o at least one point in {x, y}, for otherwise 
deg6(v) < 4. Without loss of generality let vx ~ E(G). Consider any nontrivial 3- 
separator S~w that separates v from w in G-vw.  Then {u,x} ~ Svw. Let 
Svw = {u,x,z}.  If vy~E(G)  then z =y  and S~w is a trivial separator. Hence 
AdjG(v) = {u, w, x, a}. Also z ¢ a, for otherwise Sow is again a trivial separator. Thus 
z e V(J)  and there are subgraphs J1 and J2 in d such that dlwd2 =J ,  
V(J1)c~ V(J2) = z, a E J l  and Adj6(y)n(V( J1)  - z) = 0. Then S = {u, v, x, z} is a 4- 
separator of G. Since {u, v} ~ S, S must be a trivial separator which implies 
V(J1) = {a, z} and Adj,(a) = {u, v, x, z}. Moreover, 4-connectivity of G implies that 
AdjG(u)c~ V(J2) ~ 0 and Adj6(x)c~ V(J2) ~ O. 
We claim that xyCE(G)  and uyCE(G) so that edge wy is not contained in any 
triangle of G. First i fxy ~ E(G) then G - wx is quasi 4-connected because {u, v, y} is 
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the only 3-separator in G - wx that separates w from x, but this separator is trivial. 
Hence xy ¢ E(G). Next if uy ~ E(G) then {v, x, y } is the only 3-separator f G - wu that 
separates w from u. But this is a trivial separator. Hence uyCE(G). Thus wy does not 
lie in any triangle of G. We claim that G lwy is quasi 4-connected. Suppose otherwise. 
Then there is a nontrivial 4-separator, say S, in G with {w, y} c S and there are two 
points in {u, v, x} that lie in distinct components of G - S. Since {vu, vx} ~ E(G), we 
must have v e S and points u and x have to be in different components of G - S. As 
{au, ax} ~ E(G), we conclude that S = {w, y, v, a}. But G - S is connected. [] 
Lemma 10. Every minimally quasi 4-connected 9raph G has 6(G) = 3. 
Proof. Assume the contrary and let G be a minimally quasi 4-connected graph having 
as few edges as possible and 6(G) > 3. Then G is 4-connected and by Lemma 9 there is 
an edge abe E(G) that is not contained in a triangle such that Glab is quasi 
4-connected. Since 6(Glab) >1 6(G) > 3, Glab is 4-connected. Our choice of G then 
implies that G lab is not minimially quasi 4-connected so that G lab-  xy is quasi 
4-connected for some xy ~ E(Glab). 
Consider a nontrivial 3-separator Sir in G-xy .  There are subgraphs Gx 
and G r such that G~uGy = G-xy ,  V(G~)cTV(Gr)= Sir, x ~ V(Gx) -  S~y and 
y~ V(Gr) -Sxy.  Without loss of generality, assume that abeE(G~). Put 
Hx = Gx - S~r and Hr = Gr - S~r. If [V(H~)[ > 2 then (Glab) -xy  is not quasi 4- 
connected. Hence [V(H~)[ = 2. Moreover, if {a, b} c Sir or x E {a, b} then edge ab lies 
in a triangle of G. Thus x¢{a,b} and I{a,b}cTSxr[ = 1. Without loss of generality, 
assume a ~ S~r and let Sir = {a, c, d}. Then V(H) = {b, x}, AdjG(b) = {a, c, d, x} and 
{ac, ad, ax} cTE(G) = 0. Thus Adj,(x) = {b, c, d, y}. 
Consider a nontrivial 3-separator Sb~ in G-bx .  Then {c,d} c Sbx. Let 
Sbx = {c, d, z}. We must have z¢{a, y} for otherwise Sbx is trivial. Put Uy = {u: u 
V(Hr) and u is joined by a path to y in Hy - z} and Ua = {u: u ~ V(Hy) and u is joined 
by a path to some point of AdjG(a) in Hy - z}. Then Uyc7 Ua = 0 and Adj(a)c7 Uy = O. 
If IUy] > 1 then {c, d, z} is a nontrivial 3-separator in Glab -xy .  Hence Uy = y and 
Adj(y) = {c,d,x,z}. Since dego(a)/> 4 and AdjG(a)cTV(G~)= b, we must have 
[U~[ t> 2. Then Adj(c)~Ua vLO and Adj(d)cTUa ¢0  for otherwise G is not quasi 
4-connected. 
Now, consider any nontrivial 3-separator Sba in G -bd .  Since {xb, xd} ~ E(G), 
x ~ Sbd. Let Sbd = {X, p, q}. 
We claim that {a, c} :7 { p, q} = 0. First, suppose that a = p. If q = c then Sbd is 
a trivial separator. If q ~ c then points b and d are in the same component of G - Sad 
because there are two point disjoint paths between c and d in Gy - a. Then a ¢ { p, q}. 
Next suppose a¢ { p, q} and c --- p. Again, points b and d are in the same component of 
G - Sbd because there are two point disjoint paths between a and d in Gy - e. Hence 
{a,c}n{p,q} =0 and {p,q} = Hy. 
Since {cy, dy} c E(G), y ~ {p, q}. Then we must have q ~ U~. The 4-connectivity of
G implies that for each point u ~ Ua U {Z} there are four point disjoint paths from u to 
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{a, c, d, y} in G r. Thus each point u ~ Uaw {z} is joined, by disjoint paths, to at least 
two points of {a, c, d} in G - {x, y, q}. Then Sbn is at most a trivial separator of 
G -bd .  [] 
We are ready to prove Theorem 8. 
Proof of Theorem 8. Suppose G is any quasi 4-connected graph that is not isomorphic 
to W3, W4, or Ws, or an n-prism or an n-M6bius ladder for some even n >~ 8. We 
show that G is obtained from a quasi 4-connected graph by an application of one of 
the three operations listed in (b) of the theorem. Suppose G is not obtained from 
a quasi 4-connected graph H by an application of operation (1). Then G is minimally 
quasi 4-connected. By Lemma 10 and Theorem 3, there is a degree 3 point u with 
AdjG(u) = {a, b, c) such that G lua is quasi 4-connected. If the edge ua is not contained 
in any triangle of G then graph G can be obtained from G[ua by an application of 
operation (2). Hence ua lies in a triangle of G. Without loss of generality, assume 
ab ~ E(G). Then G luc is also quasi 4-connected and we must have either ca ~ E(G) or 
cb ~ E(G). If {ca, cb) c E(G) then G is not minimally quasi 4-connected. Hence 
exactly one of ca and cb is in E(G). Consider the graph H with V(H) = V(G) - u and 
E(H) = {pq:pq ~ E(G-u)  or {p,q} c Adj,(u)}. Clearly, H is quasi 4-connected. 
Moreover, degu(z)> 3 for all z ~ {a,b,c}, for otherwise Adjn(z) is a nontrivial 
3-separator of G. Then G can be obtained from H by an application of 
operation (3). []  
Corol lary 11 is an immediate consequence of Theorem 8. 
Corollary 11. Every quasi 4-connected graph G, with at least five points, has an edge uv 
such that either G-  uv is a subdivision of a quasi 4-connected graph or uv is not 
contained in a triangle of G and G luv is quasi 4-connected. 
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